Case 2: If H 7 1 is any a-invariant normal subgroup of P, then NG(H) < G. ice H is a-invariant, so is NG(H). Since NG(H) < G, by induction No(H) is
potent, so elements of order prime to p which normalize H centralize H. This rs that G, with { aC in the role of a1, and P as the p-Sylow subgroup, satisfies the potheses of Theorem A, so that G possesses a normal p-complement K, which is cessarily characteristic, hence a-invariant. By induction, K is nilpotent, so that being an extension of a nilpotent group by a nilpotent group, is solvable. IHEOREM 2. Let G be a finite group, and suppose that one of the maximal sub-,ups M of G is nilpotent of odd order. Then G is solvable. Proof: By induction, we can assume that if H 7 1 is any normal subgroup of then N(H) = M.
(1) t P be a p-Sylow subgroup of M, p I o(M). P is normal in M since M is nilpotent.
nce, Na(P) = M, by (1). If P were not a p-Sylow subgroup of G, then P would contained as a normal subgroup of index p in a p-group P, which gives P < r(P) = M, contrary to our choice of P as a p-Sylow subgroup of M. Hence, is a p-Sylow subgroup of G. Since Mi is nilpotent, any normal subgroup of P is rmal in M. Let S be the group of inner automorphisms of G by the elements P. We see that G, S1 and P satisfy the hypotheses of Theorem A. Hence G has :omplement, K(P). The intersection of the K(P) for P ranging over the Sylow :groups of M is thus a normal complement for M, say K. since M is nilpotent, Z(M) / 1. An element x e Z(M), x Z 1, x of prime order, luces an automorphism of K. This must be a fixed-point-free automorphism of otherwise CG(x) contains M as a proper subgroup, so that CG(x) = G by maxiblity of M, which contradicts (1). Hence K is nilpotent by Theorem 1, so that being an extension of a nilpotent group by a nilpotent group is solvable.
